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Selected Key Components 
• Distributed sources 
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• Various detectors 
• Coded aperture(s) 
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Selected Key Components 
• Distributed sources 

 Novel sources 
 Spectra 
 Primary aperture 

• Various detectors 
• Coded aperture(s) 

Selected Key Ideas 
• Physical modeling of signals 
• Signature characterization 
• System design motivated by 
integrated sensing and processing 
(compressive sensing) 
• Integration of components 
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sources 

Detectors 

Tunnel 

Coded 
Aperture 

Selected Key Limitations 
• Source spectral width 
• Energy sensitivity of detectors 
• Spatial extent of targets 
• Unknown clutter in the luggage 
• Low signal 

Selected Key Ideas 
• Design system to increase 
sensitivity and specificity   
Overcome blurring effects, 
optimally measure photons  
• Multifaceted design space 



CAXSI Outline 
• CAXSI System Vision 

• Signature Analysis 

– Measurement space signature 
Forward models 

– Object space signature 
Reconstruction 

– Logical space signature 
SVD 

• Conclusion 
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Signature Definition 

• Underlying characteristic of a target of interest under X-
ray illumination 

– Employed to identify specific targets 

– Coherent scatter, incoherent scatter, attenuation 

• Defined in three different spaces 

– Measured (Detector or measurement space) 

– Reconstructed (Target or object space) 

– Compressed (Logical or abstract space) 

• Measured and reconstructed are acquired via 
experiments and/or MC simulations 

• Compressed acquired via system design and integration 



Example Signatures – Measurement Space 
(pencil beam, target alone) 

Acrylic 

Graphite 

150kVp, 0.1mm W 150kVp, No Filter 



Example Signatures – Target Space  
(150kVp, 0.1mm W) 

Acrylic NaCl NH4NO3 

Al Milk chocolate Graphite 



Reconstructed signature  
with different spectra 

150kVp, No Filter 

Acrylic 

150kVp, 0.1mm W 

116kVp, 0.1mm W 116kVp, No Filter 
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Physics-Based Model 
• Based on a radiance model, propagated using ray projection 

• Objects have scattering densities f at each spatial location r, 
as a function of momentum transfer q 

• For coherent scatter at angle θ, Bragg’s Law gives q=2ksin(θ/2) 

• Given vector s from scattering point to detector whose normal 
is n, there is a geometric factor 

• Mask factor  

• Detector response   
in terms of impulse response 

08/09/2012 CAXSI Proprietary Information 16 

2

ˆ
,    where 

s


 

n s
s r rˆ( , )T r s

2

2 2

ˆC 1
ˆ( , , ) ( , )

2 sin 2sin

q
H q T W

dA s q
 

   
        

   

n s
r r r s

     , , ,g dA dqH q f q   r r r r

 g r



Computation: Forward Model 

• Detector response = Integrate object points × 
geometry factor × mask × integrate object 
momenta at scatter angle 

• There exist opportunities to exploit symmetry 

• Efficient computations have been implemented 

• Backward model is the adjoint operator 
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Log-likelihood for Poisson Data 

• Forward model predicts the mean detector values 

• A Poisson model is appropriate in many applications. Denote the 
random data by 

 

• The log-likelihood function for the data is 

 

 

 

• Penalized ML estimation (also MAP); alternatively, variational Bayes 
(L. Carin, et al.) 
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Pencil Beam Data, Forward Model  
and Monte Carlo 

•  Simulation parameters: 
– source to mask distance = 94.77 cm,  

– source to object distance = 57.78 cm,  

– source to detector distance = 109.47 cm.  

• During reconstruction,  
– x resolution = 0.4 cm,  

– Number of pixels = 20,  

– momenta = 10:0.5:140,  

– downsampling factor = 1 

• Simulated data:  Al points at x = 9, 10, 11 

• Monte Carlo data 
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Pencil Beam Data, Forward Model  
After 5 Iterations 

• The true Al spectrum, and the spectral estimate at 
location 9, 10, 11.  
• Ave. of the reconstructed object over the  
momentum transfer coordinate. 
• Simulated detector data with Poisson noise  
(Maximum detector value set at 50). 
• Estimated detector data. 
• Absolute difference between the noisy simulated  
and estimated data. 
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Pencil Beam Data, Forward Model  
After 200 Iterations 

• The true Al spectrum, and the spectral estimate at 
location 9, 10, 11.  
• Ave. of the reconstructed object over the  
momentum transfer coordinate. 
• Simulated detector data with Poisson noise  
(Maximum detector value set at 50). 
• Estimated detector data. 
• Absolute difference between the noisy simulated  
and estimated data. 



08/09/2012 CAXSI Proprietary Information 22 

Pencil Beam Data, Monte Carlo  
After 5 Iterations 

• The true Al spectrum, and the spectral estimate at 
location 8, 9.  
• Ave. of the reconstructed object over the 
momentum transfer coordinate. 
• The noisy Monte Carlo pencil beam data. 
• Estimated detector data. 
• Absolute difference between the noisy Monte Carlo 
and estimated data. 
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Pencil Beam Data, Monte Carlo  
After 200 Iterations 

• The true Al spectrum, and the spectral estimate at 
location 8, 9.  
• Ave. of the reconstructed object over the 
momentum transfer coordinate. 
• The noisy Monte Carlo pencil beam data. 
• Estimated detector data. 
• Absolute difference between the noisy Monte Carlo 
and estimated data. 



Aluminum 
 

Crystal system: Cubic 

Crystal lattice: Face-centered 

(Face-centered cubic, FCC) 

 

Diffraction spectra are dependent on crystal structure 

Acrylic 
 

 

Target Signatures: 
Amorphous vs. Crystalline  
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Materials

Classification based on materials crystallinity 

Al powder 

NH4NO3 

Organic  Cubic: FCC,BCC,SC  Orthorhombic Rhomb. Monoclinic 

Flammables  Oxidizers/Common Explosives 

Indexing texture of diffraction pattern may aid in fine-tuning material classification 



CAXSI Outline 
• CAXSI System Vision 

• Signature Analysis 

– Measurement space signature 
Forward models 

– Object space signature 
Reconstruction 

– Logical space signature 
SVD 

• Conclusion 
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Design for Sampling Structure  
and Conditioning 
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Visibility in radius and angle 
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Singular Values 
Pencil Beam, Coded Aperture 
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Periodic in phase code 

Periodic in x code 



Singular Vectors 
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Singular value analysis of coded aper t ure x-ray scat t er imaging

D avid J. B rady ∗ and D aniel L . M ar ks

Fitzpatr ick Insti tute for Photonics and Department of Electr ical and Computer Engineering

Duke Universi ty, P.O. Box 90291, Durham NC 27708
∗Corresponding author: dbrady@duke.edu
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We examine the condit ioning and singular value spect ra of tomographic coded aperture scat t er imagers.

Scat ter imaging may enable tomography of compact regions from snapshot measurements with singular values

scaling favorably as compared to the Radon t ransform. T he scaling of the singular value spect rum of the 2-D

fan-beam geomery is confirmed through simulat ions. c 2012 Opt ical Society of America

OCIS codes: 110.6955, 110.7440.

Singular value analysis is often used analyze the noise

sensit ivity of measurement systems and to quant ify the

number of components measured above the noise floor.

As an example, the singular values of the 2D Radon

transform are λm = 4π/ (m + 1) [1]. This let ter shows

that the singular values for tomographic imaging using

coded aperture x-ray scat ter imaging (CAXSI) compare

favorably with Radon project ions in some geometries.

We specifically consider a “ pencil beam” geometry re-

construct ing N pixels along the beam, a “ fan beam” ge-

omet ry reconstruct ing N 2 pixels in a plane and a “ cone

beam” geometry reconstruct ing N 3 voxels in a volume.

Radon systems are not capable of independent recon-

st ruct ion of a pencil beam. Assuming that M Radon

singular vectors are used to construct N 2 pixels in the

fan beam case, we find that most of the singular values

are of order 1/ N . Since Radon systems may separately

analyze each plane in the cone beam case, the singular

values for the volume also scale as 1/ N .

Scat ter imaging was first proposed in 1959 [2] and has

been the subject of numerous studies and reviews [3].

Scat ter tomography has used Radon methods [4] and

energy resolved detect ion [5]. The most common strat -

egy, however, relieson selected volumetomography using

collimat ion filters at the source and at the detector [6].

CAXSI is a novel approach to scat ter imaging that uses

coded masks between the scat tering object and the de-

tector array. In contrast with collimat ion filters, the

coded aperture allows rays from mult iple direct ions to

simultaneously illuminate each detector pixel. Increased

photon efficiency is the advantage of CAXSI relat ive to

selected volume imaging.

After a colorful early history [7], coded aperture opt i-

cal systems focused for many years on Hadamard codes

for spect roscopy [8] and uniformly redundant arrays for

imaging [9]. Recent studies, however, show that novel

codes in combinat ion with biased, nonlinear and/ or de-

compressive est imators may achieve comparable or bet-

ter results [12]. As an example, coded aperture snapshot

spectral imaging (CASSI) uses pseudo-random codes to

improve the efficiency of spectral image collect ion [10].

For sparse or compressible objects coded aperture mul-

t iplexing can improve system sensit ivity and SNR even

when photon noise is dominant [11].

The system geometry for forward scat ter CAXSI is

illust rated in Fig. 1. Scat tered radiat ion from an illu-

minated sample passes through a coded aperture paced

a distance d in front of a 2D detector array. As a first

example of code design, suppose that a pencil beam illu-

minates a sect ion of the target object dist ributed along

the z axis. Our goal is to image object scat tering density

f (x = 0, y = 0, z). The full volume may subsequent ly be

reconst ructed by raster scanning.

We assume isotropic scat ter to all detector posit ions.

A detector array dist ributed over the transverse plane

at z = 0 measures the scat ter. The scat ter visibility is

modulated by a coded aperture a distance d from the

detector plane. For simplicity, we assume that the coded

aperture is radially symmetric with t ransmit tance t(x),

where x is the distance from the pencil beam. The signal

detected at radius x is

g(x) =
zm a x

d

f (z)t x 1 −
d

z
dz. (1)

Est imat ion of f (z) from g(x) is enabled by judicious se-

lect ion of t(x).

The coordinate t ransformat ion q = 1 − d/ z changes

Eqn. (1) to

g(x) =
1

0

f̃ (q)t(xq)dq, (2)

where f̃ (q) = df (z = d/ (1 − q)) / (1− q)2 and we assume

zm ax d. Eqn. (2) is a “ scale t ransformat ion;” inversion

st raight forward if t(x) is orthogonal in scale.

Harmonic funct ions are orthogonal in scale. The sim-

plest choice for t(x) sat isfying the requirements that

0 ≤ t ≤ 1 and t(0) = 0 is t(x) = (1 − cos2πx)/ 2, where

we assume that the unit of x is normalized by the period

of the coded aperture. The measurement model is then

g(x) =
1

2

1

0

f̃ (q)(1 − cos2πxq)dq, (3)

Eqn. (3) is familiar as the forward model for the Fourier

t ransform spectroscopy [12]. The singular vectors for

1

object

coded  aperture detector array

d

z

x

illumination 

plane

y

Fig. 1. system geometry

this t ransformat ion are derived from the constant sin-

gular vector associated with the 1 operator and prolate

spheroidal singular vectors associated with the kernel

cos2πxy. Assuming that the support of g(x) is [0, X ],

the singular value corresponding to the first operator is

X . X is the number of harmonic periods in the coded

aperture.

The singular vectors of the operator − (1/ 2) cos2πxy

supported over y ∈ [0, 1] and x ∈ [0, X ] are the prolate

spheroidal wavefunct ionsψn (y) (X / λn ) for n even [13].

The corresponding singular values are
√
λn X / 2, where

λn ≈ 1 for n < X / 2 and λn ≈ 0 for n > X / 2 [12].

The even prolatespheroidal funct ions arenot orthogo-

nal to the constant vector over [0, 1] but the much larger

singular value associated with the constant vector means

that the spaces spanned by the two operators approxi-

mate the space spanned by their sum. The singular de-

composit ion space thus consists of a single vector with

singular value X / 2 and X / 2 − 1 secondary vectors cor-

responding to singular values
√

X / 2.

Both CAXSI and the Radon transform yield singular

values proport ional to 1/
√

M , where M is the number of

measurements. The interest ing dist inct ion between the

two cases is that , since there is no mechanism for inde-

pendent ly measuring points along a line through a vol-

ume, Radon imaging is only applicable to 2D slices and

3D volumes. Thus, M ≥ N 2 in the Radon case. For pen-

cil beam CAXSI, in contrast , M = N . Since the typical

singular value for CAXSI is thus
√

N × greater, one ex-

pects a proport ional improvement in SNR or acquisit ion

t ime for CAXSI. This comparison assumes equal photon

efficiency. Radon systems have an advantage, however,

in that signal for each ray is localized. Cont inuing to

assume that scat ter is isot ropic, CAXSI’s photon effi-
ciency is proport ional to the fract ion of the scat ter solid

angle captured. This suggests that the singular value

for scat ter feature measurement exceeds that for Radon

measurement if the sensor aperture A is greater than

Zm ax / N 1/ 4, where Zm ax is the maximum object range.

The prolate spheroidal basis yields resolut ion elements

of length 1/ X dist ributed uniformly dist ributed over y =

[0, 1]. Convert ing back to the z coordinate, one derives

resolut ion

∆ z =
z2

dX
(4)

5

10

15

20
10 20

10 20 30 40

5

10

15

20

Fig. 2. Two uniformly redundant and harmonic coded

apertures with (a) L= 23 length and (b) L= 47 length

used in the simulat ions.

One may improve longitudinal resolut ion by observing

the pencil beam obliquely, at the expense of the cylin-

drical symmetry. Decoding oblique signals requires the

useof codesorthogonal in t ranslat ion. In thepencil beam

case, one may choose to vary the code as a funct ion of

φ to emphasize some object spat ial frequencies, to im-

age scat ter angle as well as range or to code for oblique

illuminat ion.

CAXSI may also be applied to planar imaging. When

the ent ire y− z plane is illuminated in Fig. 1, the forward

model becomes

g(x, y) =
Y/ 2

− Y/ 2

zm a x

d

f (x = 0, y , z)

× t x 1 −
d

z
, y 1 −

d

z
+ y

d

z
dzdy .

(5)

Choosing t(x, y) = (1/ 2) [1 + cos(2πx)p(y)] wherep(y) is

orthogonal in t ranslat ion allows independent reconstruc-

t ion in z and y. We assume specifically that

p(y) =

i

pi β0

y − i∆

∆
(6)

where βo(y) is a square pulse of width 1/ 2 and { pi } is

a binary sequence with two-level autocorrelat ion. Such

sequences may be found for various code lengths [15].

Quadrat ic residue derived codes of length L = 4m + 1,

with L prime, are part icularly st raight forward [9]. As an

example, Fig. 2 showssimulated t ransmission masks that

are harmonic in the vert ical axis and translat ion coded

in the horizontal axis (X= 20) for the L = 23 and L = 47

quadrat ic residue codes.

Numerical simulat ion of measurement with the Fig. 2

codes illust rates how the singular value spectrum scales

with object resolut ion, the shift code length L and the

number of scale code samples. The simulated object

space consisted of 40 axial by 40 transverse samples

spaced according to Eq. 4. Four simulat ions were per-

formed with both masks, with both 30 and 60 samples

2
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Fig. 3. Singular value spectra for (a) L = 23 length

quadrat ic residue code and L = 47 length quadrat ic

residue code. The four curves indicate differing number

of samples measured in the H (shift code) direct ion, and

the V (scale code) direct ion.

in the direct ion of the shift (H) and scale (V) codes. The

singular values of each combinat ion is shown in the plots

of Fig. 3. When the number of samples in the H direct ion

is less than the shift code length, the number of discern-

able shifts is limited by the sampling. Likewise, when

the number of samples in the V direct ion is less than

the number of axial samples in the object , the number

of discernable axial posit ions is limited by the sampling.

The number of large singular values is approximately

the number of discernable lateral shifts mult iplied by

the number of discernable axial shifts, divided by two to

account for the symmetry of the harmonic mask. There-

fore the minimum number of singular values spans from

about 230, when the number of singular values is lim-

ited by shift code length and scale code samples, to 800

when the sampling is limited by the sampling of the ob-

ject space. The scaling of the shift codes with object

depth couples the axial and depth resolut ions so that

these relat ionships are approximate.

One may also consider extending the code of Fig. 2 to

volume imaging. If the full volume is illuminated, pro-

cessing the measured data as described above isolates

a line integral. Rotat ing the object or code captures a

diversity of such line integrals, which may then be in-

verted by Radon methods. It is important to note, how-

ever, that the maximum singular values for an isot ropic

scat ter imaging M points under the forward model con-

st raint 0 ≤ t(x) ≤ 1 is independent of dimension. Thus,

a CAXSI system imaging N 3 points in a volume will

yield singular values proport ional to 1/ N 3/ 2. A volume

Radon imager, such as a cone beam tomography system,

may be independent ly reconst ructed in planes with sin-

gular values proport ional to 1/ N , just as in the 2D case.

The advantage CAXSI finds in imaging dist inct subsets

of the volume in the pencil beam case becomes an ad-

vantage for the Radon system when full volume imaging

is considered. These results are summarized in table 1.

Table 1. Singular value scaling for CAXI, selected vol-

ume and Radon imaging. Ω is the fract ional solid angle

captured by the scat ter imager.

I lluminat ion CAXSI Selected Volume Radon

Pencil Ω√
N

1
N

1
N

Plane Ω
N

1
N 2

1
N

Volume Ω

N
3
2

1
N 3

1
N

We also include singular value scaling laws for colli-

mated scat ter imaging under the assumpt ion that each

detector pixel detects a single ray from the volume. In

the pencil beam case, each detector is illuminated by N

object scat ter points, so filtering just one yields a photon

efficiency of 1/ N . In the fan beam case, each detector is

illuminated by N 2 points, from which 1 is filtered. In

the volume case it is no longer possible to independent ly

isolate a single source point along each ray. Rather, each

ray is a project ion of the scat ter volume. Since N 2 arrays

illuminate each pixel, there is an N 2 loss of efficiency in

the collimat ion filter. This, combined with the Radon

condit ioning of 1/ N , yields an overall singular value of

1/ N 3.

This work was supported by the Department of

Homeland Security, Science and Technology Directorate
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Fig. 3. Singular value spectra for (a) L = 23 length

quadrat ic residue code and L = 47 length quadrat ic

residue code. The four curves indicate differing number

of samples measured in the H (shift code) direct ion, and

the V (scale code) direct ion.

in the direct ion of the shift (H) and scale (V) codes. The

singular values of each combinat ion is shown in the plots

of Fig. 3. When the number of samples in the H direct ion

is less than the shift code length, the number of discern-

able shifts is limited by the sampling. Likewise, when

the number of samples in the V direct ion is less than

the number of axial samples in the object , the number

of discernable axial posit ions is limited by the sampling.

The number of large singular values is approximately

the number of discernable lateral shifts mult iplied by

the number of discernable axial shifts, divided by two to

account for the symmetry of the harmonic mask. There-

fore the minimum number of singular values spans from

about 230, when the number of singular values is lim-

ited by shift code length and scale code samples, to 800

when the sampling is limited by the sampling of the ob-

ject space. The scaling of the shift codes with object

depth couples the axial and depth resolut ions so that

these relat ionships are approximate.

One may also consider extending the code of Fig. 2 to

volume imaging. If the full volume is illuminated, pro-

cessing the measured data as described above isolates

a line integral. Rotat ing the object or code captures a

diversity of such line integrals, which may then be in-

verted by Radon methods. It is important to note, how-

ever, that the maximum singular values for an isotropic

scat ter imaging M points under the forward model con-

st raint 0 ≤ t(x) ≤ 1 is independent of dimension. Thus,

a CAXSI system imaging N 3 points in a volume will

yield singular values proport ional to 1/ N 3/ 2. A volume

Radon imager, such as a cone beam tomography system,

may be independent ly reconst ructed in planes with sin-

gular values proport ional to 1/ N , just as in the 2D case.

The advantage CAXSI finds in imaging dist inct subsets

of the volume in the pencil beam case becomes an ad-

vantage for the Radon system when full volume imaging

is considered. These results are summarized in table 1.

Table 1. Singular value scaling for CAXI, selected vol-

ume and Radon imaging. Ω is the fract ional solid angle

captured by the scat ter imager.

I lluminat ion CAXSI Selected Volume Radon

Pencil Ω√
N

1
N

1
N

Plane Ω
N

1
N 2

1
N

Volume Ω

N
3
2

1
N 3

1
N

We also include singular value scaling laws for colli-

mated scat ter imaging under the assumpt ion that each

detector pixel detects a single ray from the volume. In

the pencil beam case, each detector is illuminated by N

object scat ter points, so filtering just one yields a photon

efficiency of 1/ N . In the fan beam case, each detector is

illuminated by N 2 points, from which 1 is filtered. In

the volume case it is no longer possible to independent ly

isolate a single source point along each ray. Rather, each

ray is a project ion of the scat ter volume. Since N 2 arrays

illuminate each pixel, there is an N 2 loss of efficiency in

the collimat ion filter. This, combined with the Radon

condit ioning of 1/ N , yields an overall singular value of

1/ N 3.
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Multiple Source Illumination 
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Sensor sensitivity 



Singular Values 
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Singular Vectors 
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Point Target Reconstruction 
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Multiple Points 
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SVD and Design 

• Linear response functions map generalized 
measurement and include detector response, 
source structure, object basis (dictionaries) 

• Restricted isometry, source similarity etc. can 
be analyzed 

• Linear response guides design, feeds 
classification engines 

• System response feeds adaptive structure 
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Example Specifications: 
Knowledge-Enhance Compressive Measurements 
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Tunnel geometry 60 by 40 cm 

10 by 10 cm? 

Source(s) 1-4 sources, multifan collimation 

Beam Energy 150-160 KV 

Image resolution 1.5 mm cube 

Momentum resolution 0.1 nm
-1

  

System volume 3.3 (L) by 1.3 (W) by 1.3 (H) meters 

Pixel size 1 mm 

Number of pixels 750 for attenuation signals 

5,000 scatter pixels, including 128 energy 
resolving pixel. 
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